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Problem-solving and modelling task (20%)

This sample has been compiled by the QCAA to assist and support teachers to match evidence
in student responses to the characteristics described in the instrument-specific marking guide
(ISMG).

Assessment objectives

This assessment instrument is used to determine student achievement in the following
objectives:

1.

2 e

select, recall and use facts, rules, definitions and procedures drawn from Unit 3 Topics 2
and/or 3

comprehend mathematical concepts and techniques drawn from Unit 3 Topics 2 and/or 3
communicate using mathematical, statistical and everyday language and conventions
evaluate the reasonableness of solutions

justify procedures and decisions by explaining mathematical reasoning

solve problems by applying mathematical concepts and techniques drawn from Unit 3
Topics 2 and/or 3.
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Instrument-specific marking guide (ISMG)

Criterion: Formulate

Assessment objectives

1. select, recall and use facts, rules definitions and procedures drawn from Unit 3 Topics 2
and/or 3

2. comprehend mathematical concepts and techniques drawn from Unit 3 Topics 2 and/or 3

5. justify procedures and decisions by explaining mathematical reasoning

The student work has the following characteristics: Marks

¢ documentation of appropriate assumptions
e accurate documentation of relevant observations 3.4

¢ accurate translation of all aspects of the problem by identifying mathematical concepts and
techniques.

¢ statement of some assumptions
e statement of some observations 1-2

¢ translation of simple aspects of the problem by identifying mathematical concepts and
techniques.

¢ does not satisfy any of the descriptors above. 0

Criterion: Solve

Assessment objectives

1. select, recall and use facts, rules, definitions and procedures drawn from Unit 3 Topics 2
and/or 3

6. solve problems by applying mathematical concepts and techniques drawn from Unit 3
Topics 2 and/or 3

The student work has the following characteristics:

¢ accurate use of complex procedures to reach a valid solution
¢ discerning application of mathematical concepts and techniques relevant to the task 6—7
¢ accurate and appropriate use of technology.

¢ use of complex procedures to reach a reasonable solution
¢ application of mathematical concepts and techniques relevant to the task 4-5
¢ use of technology.

¢ use of simple procedures to make some progress towards a solution
¢ simplistic application of mathematical concepts and techniques relevant to the task 2-3
¢ superficial use of technology.

¢ inappropriate use of technology or procedures. 1

¢ does not satisfy any of the descriptors above. 0
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Criterion: Evaluate and verify

Assessment objectives
4. evaluate the reasonableness of solutions

5. justify procedures and decisions by explaining mathematical reasoning

The student work has the following characteristics:

¢ evaluation of the reasonableness of solutions by considering the results, assumptions
and observations

¢ documentation of relevant strengths and limitations of the solution and/or model.
o justification of decisions made using mathematical reasoning.

4-5

o statements about the reasonableness of solutions by considering the context of the task
¢ statements of relevant strengths and limitations of the solution and/or model 2-3
o statements about decisions made relevant to the context of the task.

o statement about a decision and/or the reasonableness of a solution. 1

does not satisfy any of the descriptors above. 0

Criterion: Communicate

Assessment objective

3. communicate using mathematical, statistical and everyday language and conventions

The student work has the following characteristics: Marks

e correct use of appropriate technical vocabulary, procedural vocabulary, and conventions
to develop the response

¢ coherent and concise organisation of the response, appropriate to the genre, including a 3-4
suitable introduction, body and conclusion, which can be read independently of the task
sheet.
¢ use of some appropriate language and conventions to develop the response 1-2
¢ adequate organisation of the response.
¢ does not satisfy any of the descriptors above. 0
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Task

You will formulate at least two mathematical models to describe the sprint of an elite sprinter in a
100 m, 200 m or 400 m sprint race. You should use non-polynomial models. From these models,
you will select the best one and analyse it to make recommendations as to how the sprinter could
improve their time.

The World Athletics website (https://worldathletics.org/about-iaaf/documents/research-centre)
contains split times from a number of athletics world championships. You may use this, or
another source approved by your teacher, upon which to base your model.

To complete this task, you must

¢ respond with a range of understanding and skills, such as using mathematical language,
appropriate calculations, tables of data, graphs and diagrams

e provide a response to the context that highlights the real-life application of mathematics

e respond using a written report format that can be read and interpreted independently of the
instrument task sheet

e develop a unique response.

See IA1 sample assessment instrument: Problem-solving and modelling task (20%) (available on
the QCAA Portal).

Sample response

Criterion Marks allocated Provisional marks

Formulate 4 4
Assessment objectives 1, 2 and 5

Solve 7 7
Assessment objectives 1 and 6

Evaluate and verify 5 4
Assessment objectives 4 and 5

Communicate 4 4
Assessment objective 3

Overall 20 19
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The annotations show the match to the instrument-specific marking guide (ISMG) performance-

level descriptors.

Communicate [3—4]
coherent and concise

The introduction
describes what the
task is about and
briefly outlines how
the writer to
completed the task.
A body is also clearly
evident. The body
has been divided into
appropriate sections.

Formulate [3-4]
accurate
documentation of
relevant observations
The writer has
documented the
observations by citing
their source and
summarising relevant
information about the
data.

Introduction

Usain Bolt was a dominant competitor in the 100 m sprint taking three consecutive
objective of this report is to develop a mathematical model of Bolt's 2017 Worla_
Championship 100 m final performance with an aim to identifying how he can
improve his performance through amending his race strategy.

| fit two different models to Bolt's 10 m split times and identified an exponential model
of velocity to be the most appropriate because of its relatively good fit to

was affected by changing different parameters affecting his reaction time,
acceleration and maximum velocity. | found that an increase in the maximum speed
of his sprint gave the greatest decrease in time to run the race.

Observations and assumptions

The sprint performance | chose to analyse is Usain Bolt's men’s 100 m sprint final
performance at the 2017 International Association of Athletic Federations world
championship in London. Bolt came third to Justin Gatlin by 0.03 s. | obtained
reaction time and 10 m split times from Table 2.1 of (Bissas, et al., n.d.) and are
summarised in Table 1.

Table 1. Data for Usain Bolt's 100m 2017 World Championship sprint final

Displacement (m) | Time from start (s)
0 (reaction time) 0.183
10 1.96
20 2.98
30 3.88
40 4.76
50 5.64
60 6.49
70 7.34
80 8.20
90 9.06
100 9.95

The split data was collected using video analysis of from five different cameras,
offering sufficient accuracy for my purposes. During this race, there was a 0.9 m/s
headwind (Bissas, et al., n.d.). Using Excel, | graphed the data (see Figure 1).
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Formulate [3-4]
documentation of
appropriate
assumptions

The writer has stated
assumptions and
documented them by
justifying them and/or
discussing their effect
on the model.

Formulate [3-4]
accurate translation
of all aspects of the
problem by
identifying
mathematical
concepts and
techniques

The writer has
identified relevant
concepts and
techniques required
to solve the problem.

100
90
80
70
60
50
40
30
20
10

Displacement (m)

Time (s)

Figure 1. The displacement-time graph for Bolt's 2017 World Championship
final.

To formulate the mathematical models of Bolt’s sprint race, | made the following

assumptions

1. Bolt’s displacement and velocity was zero for t < 0.183. In a sprint race,
competitors start from a stationary position. There is a time-lag between when the
race starts and when a competitor starts moving (known as the reaction time).

2. The wind does not affect the overall results of the model. Wind affects the time it
takes for a sprinter to run 100 m, however, it does not fundamentally change the
overall description of a race. Since the purpose of this task is to formulate a model
to help a sprinter improve their race technique, it is the shape of the functions,
rather than their absolute values, that are important.

3. Bolt’s displacement as a function of time is not described by a polynomial. A
specification of the task is that only nonpolynomial functions are to be considered,
so, | have not considered any polynomial functions.

Mathematical concepts and procedures

To analyse Bolt's performance, | created models of his velocity during the race. | then
used calculus methods to determine functions to describe his displacement and
acceleration. | estimated velocity, v, using the displacement data in Table 1 and the
following formula

As
T At
Where As = 10 m is the change in displacement and At is the change in time. The
estimated velocity is shown in Figure 2 (the raw data and details of calculations is
shown in Appendix 1).

v
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Solve [6-7]
accurate and

The writer has
documented their
appropriate use of
technology.
Supporting material
in the appendices
gives details as to the
accuracy of its use.

12

10

Velocity (m/s)
(o)}

Time (s)
Figure 2. Bolt’s velocity, estimated from the displacement data.

The shape of the velocity data has a rapid rate increase over the first ~ 4 s and then
remains approximately constant. There are therefore several possible candidate
functions to model Bolt’s velocity, including:

1. logarithmic function
2. exponential function

| used a graphics calculator and the Scipy Python package to determine best fit
parameters to each of these functions.

Determining the models

Model 1: logarithmic function
A natural logarithm function has the general form
v(t) =aln(t—b) +c
The graphics calculator has curve fitting functionality for a natural logarithm function,

guesses of each parameter. The general shape looks like a log function that has
been translated to the left slightly and up, so, my initial guesses were a = 1,b =
—1,c = 10. The results of the curve fitting were:

a = 2.3429
b =0.13717
¢ =17.1877

Model 2: exponential function
An exponential decay function has the general form

v(t) = Ade ™ + ¢
As with the logarithmic function, | used the Scipy curve fitting function. The general
shape is of an exponential decay function that has been reflected in the x-axis and
translated up. Therefore, my initial guesses were A = —1,k = 1,b = 13. The results
of the curve fitting were:

A=-13.616
k =0.79435
¢ =11.6862
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Communicate [3—4] Com pari ng mOdels

coherent and_concise

organisation of the The model results are graphed _against the observed velocity in_Figure 3. A visual
response.... inspection indicates that model 2 gives the best fit.
The use of graphs
and tables to convey 14
complex information
makes the response 12
X @ e
concise s ° ° (3 ° 3
10 ®
i
E s
=
8 6
@ [
=)
4
2
0 le
0 1 2 3 4 5 6 7 8 9 10
Time (s)
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Figure 3. Modelled and observed velocities of Bolt's 100m sprint final.

Solve [6-7]

'c'é}{c'{e';}i's' and coefficient of determination, R2, which describes the _broportion of explained variance.
technigues relevant However, the coefficient of determination. is. not appropriate for nonlinear fits because
1o the task the explained variance and error. variance do not sum.to the total variance (Frost,

The writer has 2020

documented their )-

choice of one

mathematical
technique over Thus, to compare the models, | used the sum of the squared error

another SSE = Z(Ui - f(fi))z

The squared error and sums are shown in Appendix 3 and summarised in Table 2.
The standard error analysis confirms the discussion above, namely that model 2
provides the best fit.

Table 2. Sum of squared error for each model.

Model SSE
Model 1 (logarithmic) 6.49
Model 2 (exponential) 0.45

Thus, the model for velocity is given by
(t) = { 0, t <0.183
VI = 1-13.616e7079435¢ 4 11.6862, t > 0.183
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Communicate [3—4]

The writer has
correctly used
vocabulary and
notation relevant to
calculus.

Evaluate and verify
[4-5]
evaluation of the

The writer has
evaluated the
reasonableness of
the solution by
comparing the
modelled race time
with the observed
race time. The writer
did not consider their
assumptions in their
evaluation.

Model analysis

To use the model to analyse Bolt’'s performance, | needed to determine the modelled
displacement and acceleration. Displacement, s, is the integral of velocity,

§.C.t)._.=__](_v_(_tl.c_1_t_

s(t)= Jf Ae¥t 4 c dt

—kt

Ae
s(t) = ——tcttd

s(t) =17.147e7°79%3¢ 4 11.686t +d

It follows from_assumption 1 that we must have s(0.183) = 0, therefore

d=0-17.147¢7%743x0183 _ 11.686 % 0.183

Thus, the model for displacement is

0, t<0.183
+ 1176861 ="16.966, t>70.183

S(t)=£

7. 147¢€¢

0.7943¢

Acceleration, a, is the derivative of velocity,

_ dv
Q(I)_:.ﬁ
d
a(t) =—(Ae ™ +¢)
at
a(t) = —Ake

a(t) =10.82¢707943t

The modelled displacement is graphed with the observations in Figure 4 and appears

100
80
60

40

Displacement (m)

20

Time (s)

@® Observations —e—Model

Figure 4. Modelled and observed displacement of Bolt's 100 m sprint final.

There are four distinct phases of a 100 m sprint race (Percia, 2020):

1. start phase — when the athlete is in contact with the starting blocks

2. acceleration phase — when the athlete is accelerating to their maximum velocity
3. constant speed phase - when the athlete is moving at a constant velocity

4. deceleration phase — when the athlete is decelerating from maximum velocity
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Evaluate and verify
[4-5]
justification of

The writer has used
mathematical
reasoning to justify
their approach to
solving the problem

Solve [6-7]
accurate use of

Integration
procedures are
evident. The solution
involves a
combination of parts
that are
interconnected.

In the exponential model of velocity, the

¢ acceleration phase is determined by the rate of change, which is_mostly_controlled

¢ constant speed phase is determined by the vertical translation, which is_ mostly

Start phase

The start phase has to do with reaction time. Any reaction time less than 0.1 s is
considered a false start by World Athletics (World Athletics, 2020), so, the maximum
gain that can be made by Bolt is 0.083 s. If Bolt improved his reaction time by 0.04 s
to be 0.143 s without changing any other aspect of his race, this would act as a
translation to the model. This is a reasonable gain to make as an analysis of world
championship reaction times found that most reaction times were between 0.13 and

Aokt — _p—k(t-b)
Aokt — _p—kt kb
A=—g"

_ In(—A)
- A R k _____

_ In(13.616)
TTTT07943
b.=3.2879

to shorten his reaction time by 0.04 s, that corresponds to a proportional shortening
of his race time.

Acceleration phase

From the model of acceleration, Bolt’s initial acceleration is

a(0.183) = 10.82¢0-7943%0.183 = g 3564
Given Bolt is at the pinnacle of the sport, large gains in acceleration are unlikely, so |
assumed a modest increase of 2%. | used the graphics calculator to solve the
acceleration model for k

—13.616 X —ke**0183 = 9356 x 1.02

ke~*x0183 = 0,70088
k =0.81337
This gives a velocity function of
v(t) = —13.616e7°81337¢ + 11.6862,t > 0.183
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Evaluate and verify
[4-5]
documentation of

The writer has stated
relevant strengths
and limitations about
the model and
documented these by
documenting their
impacts on the model
and/or results.

Communicate [3-4]
coherent and concise

The conclusion
summarises the
report, giving
information about the
problem that had to
be solved, and
discussion about the
results, including

Integrating (see Appendix 4) gives
s(t) = 16.740e7081337t 4 11,6862t — 16.563,t > 0.183

Using the intersection function of the graphics calculator, | determined that the time to
run 100 m to be 9.97 s, which is approximately 0.04 s faster than the original model.
So, for Bolt to improve his time by 0.04 s, he could increase his acceleration by 2%.

Constant speed phase

The parameter that controls the maximum speed is c. | assumed an increase in
maximum speed of 2%, thus

v(t) = —13.616e7°81337t 1+ 11.9199,¢ > 0.183
Integrating (see Appendix 4) gives
s(t) = 17.147e7°79435t 4+ 11,9199t — 16.657,t > 0.183

Using the graphics calculator, | determined that the time to run 100 m to be 9.79 s,
which is approximately 0.22 s faster than the original model. This is a very significant
decrease in time taken to run the race. Thus, increasing his maximum speed is the
area of where Bolt could obtain the greatest improvement.

Evaluation

There are several strengths and limitations of the model to consider when interpreting
its results

Conclusion

The obijective of this report was to analyse the performance of Usain Bolt's 2017 100
m sprint final performance, with an aim to identify where improvements could be
made. | achieved this by creating a mathematical model of his race and examined
how changes in different parameters_affected the different phases_of the sprint and
the overall time.

Bolt came third to Justin Gatlin by 0.03 s. | found that a decrease in_reaction time of
0.04 s or an increase in acceleration of 2% would have been sufficient to reduce
Bolt's race time by 0.04 s and make up the deficit. However, | found that the greatest
effect was an increase in maximum velocity by 2%, which decreased Bolt's race_time
by 0.22 s. This is a huge decrease in time and_is likely unachievable, however,_it
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conclusions drawn indicates that a small_increase in maximum velocity is the most effective strategy and
from the information. [ P
this is_where training should be focussed.

References

Bissas, A. et al., n.d.. Biomechanical report for the IAAF World Championships
London 2017 100m Men's, s.l.: International Association of Athletics Federations.
Duffy, K., 2002. Reaction times and sprint false starts. [Online]

Available at:
https://condellpark.com/kd/reactiontime.htm#:~:text=Most%20elite %20sprinters %20h
ave%20a,that's%200ne%20part%20in%20100.

[Accessed 17 December 2020].

Frost, J., 2020. R-squared Is Not Valid for Nonlinear Regression. [Online]

Available at: https://statisticsbyjim.com/regression/r-squared-invalid-nonlinear-
regression/

[Accessed 11 December 2020].

Percia, M., 2020. Phases of Sprinting. [Online]

Available at: https://www.livestrong.com/article/475175-phases-of-sprinting/
[Accessed 11 December 2020].

Virtanen, P. et al., 2020. SciPy 1.0: Fundamental Algorithms for Scientific Computing
in Python. Nature Methods, 17(3), pp. 261-272.

World Athletics, 2020. 100 metres. [Online]

Available at: https://www.worldathletics.org/disciplines/sprint-event/100-metres
[Accessed 11 December 2020].

Mathematical Methods 2019 v1.2 Queensland Curriculum & Assessment Authority
IA1: High-level annotated sample response November 2022
Page 12 of 16



Appendix 1

Table 2 shows the velocity data, calculated from the displacement data in Table 1.
The first row follows from assumption 1 (that Bolt’s velocity is zero for t < 0.183 s.
The other rows are calculated by taking differences between the displacement and
time to calculate velocity as
As

T At
An example calculation for the second row is as follows

As=10—-0=10

At =196 — 0.183 = 1.777

10
v=—-—=>563
1.777

The time, t, is taken as the mid-point of the two times to calculate At,

. 0.183 + 1.96

2

v

= 1.0715

Table 3. Velocity-time data for Bolt's 2017 World Championship 100 m

sprint.
As At v t
0 0.183

10 1.777 5.63 1.0715

10 1.02 9.80 247

10 0.9 11.11 3.43

10 0.88 11.36 4.32

10 0.88 11.36 5.2

10 0.85 11.76 6.065

10 0.85 11.76 6.915

10 0.86 11.63 7.77

10 0.86 11.63 8.63

10 0.89 11.24 9.505
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Appendix 2

Below shows the Python code used for the nonlinear curve fitting.

. numpy =5 np
- scipy.optimize as opt

#Define the data
v=np.array([0,5.63,9.80,11.11,11.36,11.36,11.76,11.76,11.63,11.63,11.24])
t=np.array([0.183,1.0715,2.47,3.43,4.32,5.2,6.065,6.915,7.77,8.63,9.5051])

###Natural log#s#

=% In(x,a,b,c): return a*np.log(x-b)+c
bO:[l,—l,lO] #Initial guess at parameters a,b,c,d
poptln,pcov=opt.curve_fit(ln,t,v,p0=p0)
print ('In', poptln)

###Exponential function###

f expl(x,Ak,b): ~turn A*np.exp (k*x)+b
p0=[-1,-1,13] #initial guess at parameters A, k,d
poptexp,pcov=cpt.curve_fit (exp,t,v,p0=p0)
print ('exp', poptexp)

Appendix 3

The below table shows the time, observed velocity, modelled velocity, and squared
error. The squared error (SE) is calculated as

SE = (v - £(8))°

The sum of squared error is the sum of the squared error.
Model 1 Model 2

f®| SE| f() | SE
0.183 0 -0.04| 0.00| -0.09| 0.01
1.0715| 5.63| 7.03| 1.96| 5.87| 0.06
2.47 9.80| 9.17 | 0.40| 9.77 | 0.00
3.43 | 11.11| 9.98 | 1.28| 10.79| 0.10
432 | 11.36| 10.54| 0.68| 11.25| 0.01
5.2 11.36| 10.99| 0.14| 11.47| 0.01
6.065 | 11.76| 11.36| 0.17| 11.58| 0.04
6.915 | 11.76| 11.67| 0.01| 11.63| 0.02
7.77 | 11.63| 11.95| 0.10| 11.66| 0.00
8.63 | 11.63| 12.20| 0.33| 11.67| 0.00
9.505 | 11.24| 12.43| 1.43| 11.68| 0.20

SSE 6.4_ 0.45

Time v
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Appendix 4

Start phase calculations

s(t) = f v(t) dt

s(t) = fAe‘kt + cdt
—kt

A
s(t) = Tk +ct+d

—13.196e-07943t
D= L 11686t+d
s(®) 07943 T +

s(t) = 16.612e %793t 4+ 11,686t + d
It follows from assumption 1 that we must have s(0.143) = 0, therefore

d=0-16.612e707943x0143 _ 11,686 x 0.143
d = —-16.499

Thus, the model for displacement is

® = { 0, t<0.143
W= 116.612e707943t 4 11,686t — 16.499,  t> 0.143
Acceleration phase calculations
s(t) = fv(t) dt
s(t) = JAe"“ +cdt
A —kt
s(t) = % +ct+d
—13.616¢ 7081337
s() =—— 133, + 11686t +d

s(t) = 16.740e7981337t 4 11.686t + d
It follows from assumption 1 that we must have s(0.183) = 0, therefore

d =0 —16.740¢7081337x0183 _ 11,686 x 0.183
d = —16.563

Thus, the model for displacement is

@ = { 0, t<0.183
s\ = 16.740e 081337t + 11,686t — 16.563, t > 0.183
Constant speed phase calculations
s(t) = fv(t) dt
s(t) = fAe"“ +cdt
Ae—kt
s(t) = s +ct+d
—13.616¢ 079435t
t) = 11.9199t +d
s(®) 079435 T *

s(t) = 17.147e7079435¢ + 119199t + d
It follows from assumption 1 that we must have s(0.183) = 0, therefore
d=0—17.147¢7079435x0183 _ 11 9199 x 0.183
d = —-16.657
Thus, the model for displacement is
0, t <0.183
s(®) = {17.147e‘°-79435t +11.9199t — 16.657, t > 0.183
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